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Abstract 
We give a topological version of a classical result of F. Sunyer Balaguer's on a local character- 
ization of real polynomials. This is done by studying a certain property on a class of connected 
Baire spaces, thus allowing us to obtain a local characterization f repeated integrals of analytic 
maps on Banach spaces. ~ 1997 Elsevier Science B.V. 
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1. Introduction 
Let ~ be a closed disk in the complex plane and |et f ,  g be two holomorphic functions 
defined in I'L it is a simple consequence of both Baire's Category Theorem and the 
Principle of Analytic Identity [ I, p. 495], that, if for each point z E fL there is a certain 
positive integer n~ such that f(n~l(x) = U(z), thcn f is a repeated integral of g, i.e., 
there is a fixed integer no for which f ( " )  = g in fL 
The analogous result when f / i s  a closed interval [a, b] of the real line and f ,  g are 
infinitely differentiable functions, with g analytic, in [a, b] also holds, as was shown by 
E Sunyer Balaguer in 1954 (see [3]). Clearly, since there are (7 ~ functions that are not 
analytic, the proof of this result is not as straightforward as it was in the complex case. 
As a matter of fact, one needs to apply Baire's theorem twice: 
- The first time to assure the existence of open intervals in which f is a fixed repeated 
integral of g. 
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- The second time, to reach a contradiction when assuming there is more than one 
maximal open interval in which f is a repeated integral of g, applied to the closed 
subset hat remains after those maximal intervals have been removed from In, b]. 
The argument above stated is the one used in [2. p. 65] to characterize r al polynomials 
in this manner (take g : 0). In this paper, we find that this :ame argument can be applied 
to any Hausdorff, linearly connected (a connected space such that each point x E X 
has a fundamental system of connected open neighborhoods U such that U\{x} has 
two connected components at the most), Baire space in the strong sense (every closed 
subspace is also Baire, see [5, p. 18]) and so we see that polynomials in any Banach 
space can also be characterized by Sunyer Balaguer's local condition. 
2. The attracting property and Baire spaces 
All through this section X will stand tbr a Hausdorff linearly connected Baire space 
in the strong sense. For a given subset A of X, the symbols el(A) and ac(A) will denote 
the .sets formed by the closure points and the accumulation points of A, respectively. The 
next definition intends to reflect the well known fact that if an infinitely differentiable 
function is zero in a perfect subset (a closed set with no isolated points) then its repeated 
derivatives are all zero in the perfect subset. 
Definition 2,1. A sequence (Fn)~l  of closed s'tbsets of X is said to be attracting 
whenever, given two elements of the sequence Fm and F..  then Fm contains all con- 
nected open subsets of F,, whose closures contain accumulation points of F,n. Explicitly 
stated, 
if U is a connected open subset of Fn such that el(U)I' lac(Fm) # 0. then U C F.,. 
Theorem 2.2. A Hausdo~ff linearly connected Baire space bt the strong sense ~_'annot be 
covered by an attracting sequence of proper closed sets. 
Proof. Let us assume that X is one of such spaces that is covered by the attracting 
sequence of closed sets (F~)~=l. It all reduces to show that some Fn is the whole space. 
Let/.4 denote the collection of all nonempty connected open subsets of X that are 
contained in some F,,. We show that H is a pseudo-base (every nonempty open set 
contains a member of/,/, see [5, p. 10]). 
If U is a nonemply open subset of X.  then (U ,'-1F.)~_ I is a sequence of U-closed sets 
covering U. Then, U being Baire, there is some UnF.  whose interior is not empty. Thus, 
U n Fn contains a nouempty connected open subset of X,  i.e.. U contains a member of 
/4'. We classify the elements of/2 as lbllows: 
U, V E/2 are of the same class provided there is some W E/d that contains both. 
To see that the classification is well done we need only to check its transitivity: 
If A, B, C, U, V are in/.4 and m, n are positive intege~ such that 
AuBcUcF . , ,  BuCcVcF . ,  
J. F~rrer / Topology and its Applit~aions 77 (1~7) 177-182 [79 
let W = U U V. Then W is a nonempty connected open subset of X, The attracting 
property now implies, since U c ac(Fm), that V, and also W, are contained in F~. 
Hence W E/.4, and A, C are of the same class. 
For each class C in which/~ has been partitioned, let Uc be the union of all members 
of the class C. it is then plain that Uc is a nonempty connected open subset of X. We 
claim that Uc is in/4': 
Jc ;t fix U" 0 E C and choose an arbitrary element U of C. Let V E /.4 be such that 
U U ,-/o C V, and let Fn, Fn,, contain V and fro, respectively. Again tbe attracting 
property assures that V c F,, .  That is, U c F,., for each U E C. Hence, Uc c F,~.. 
Notice indeed that Uc E C. 
Next we show that different classes ¢, C' generate disjoint maximal open sets Uc, Uc,: 
If Uc n Uc, :/: 0 and Fro, Fn contain Uc, Uc,, respectively; since Uo f'l ac(Fm) # 0. 
we know that Uc, C I'm. Therefore, Uc U Uc, is a connected open subset of Fro. i.e., 
Uc U Uc, is in/2. Thus, Uc and Ue, would be in the same class, a contradiction. 
To finish the proof, it all reduces to see that there is but just one of such classes C, 
since then. the corresponding maximal subset Uc, being contained in some F~ and being 
also dense, would imply that 
X = cl(Uc) = F,. 
Seeking a contradiction, let us assume there are at least two distinct classes. Then 
the set F obtained by removing from X all maximal connected open subsets Uc is a 
nonempty (contains the boundary 8(UC) of each Uc, and, since X is connected and Ue 
is a proper open subset, it follows that the boundary of UC cannot be empty) closed set 
with no isolated points (a perfect set). We prove this last claim: 
If Xo E F were isolated, after X being linearly connected, there would be a connected 
open neighborhood U0 with the property that Uo\{Xo} has at most wo connected com- 
ponents and such that U0 n F = {a:o}. Thus, U0\{Xo} must be contained in the union of 
at most wo different maximal open subsets Uc. We thereby consider two possibilities: 
- U0\{xo} is contained in one Uc. Then, U0\{x0} C Uc c F,~, for some n. Hence, 
V = Uo U Uc is a connected open subset of F,,, implyiug that V ~ C and V = Uc, 
clearly impossible since :Co ¢ Uc. 
- uo\{xo}cUcUUc,, e#e ' .  ,~ 'hv=uonUc#O,  v '=VonVc,  ¢0. 
Let Fro, Fn contain Uc, Uc,. respectively. Then, 
• o c el(V) u cl(V') c ci(Vc) u el(f:c,). 
Suppose :~o c cl(Uc). We claim that Xo ~ cl(Uc,), too. 
If not, one could find a connected open neighborhood G of xa such that G C Uo, 
G CI UC, = O. We then have that Uc O G = Uc U {x0} is a connected open set contained 
in Fro. Thus, Ue t3 G is in/.,/, again contradicting the maximality of Uc. 
So, since cl(Uc) C at(F,,) and cl(Uc) CI cl(Uc,) # O, it follows that cl(Uc,) C F~. 
Hence, 
Vo c cl(Uc)Ucl(Uc,) C F.,, 
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and we have that Uo U Ue u Uc, is a connected open subset of F m and so it is in/./. This 
implies that Uc and Uc, are of the santo class, attaining a contradiction. 
Now, since F is a Baire space, we may again make use of the category argument. For 
each positive integer n, considering the closed set FN  Fn, we know that, for some no, 
F n Fn.. has nonempty interior relative to F, i.e., there is some connected open set V 
such that V [] F is not empty and contained in F , , .  Our purpose now is to show that 
the whole of V is contained in F,,,,, hence V E L/and V would be contained in some 
maximal set Uc, the final contradiction, since V O F ~ 0. 
Let Uc be such that V n Uc ~ O, we show that cl(U'c) contains accumulation points 
of F,~o: 
Since V ~ Uc, it follows that 
0 ~ V N O(Uc) C V N FNcI(Uc) C ac(Fm, ) NcI(Uc). 
The attracting property finally plays its role to assure that Uc C F~,,. [] 
3. A local characterization of polynomials in Banach spaces 
Throughout his section X and Y will be Banach spaces and ,(2 a connected open 
subset of X.  It is clear that ~Q is a linearly connected Baire space in the strong sense. 
Also, the symbols £(~'X, Y), £s(kX, Y) will denote the Banach spaces of Y-valued 
continuous, and symmetric, k-linear maps. respectively. 
Recall that a Y-valued continuous polynomial of degree k in ,f2 is a function f : 12 ~ Y 
such that 
f (x )=Aoyo+Alu l (x )+A2u2(x ,x )+. . .+Akuk(x ,x , . . . , x ) ,  xE.f2, 
where Ao, Ah . . . ,  Aa arc scalars, 
yO C }, ttj E ff.s(J x ,  Y), l -<. j ( k. 
We know that such a polynomial f is infinitely differentiable in ~(2 and that it is 
characterized by the differential equation 
~l'k+lf = 0 in $2. 
Also, let us mention that f : .Q -+ Y is said to be analytic whenever, for each point 
x0 • ~,  there is some neighborhood U of x0 such that the series 
cc 
1 
n=O~= 
converges to f (x )  uniformly in U. 
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Since it will be used in our next result, let us remember the Principle of Analytic 
Identity which states that an analytic map f : ~ -+ Y is identically zero whenever tt~=re 
is a point x0 C ~ where all its differentials vanish, i.e., d'~f(xo) = 0, for all n /> 0. 
Proposition 3.1. Let f : ~2 -+ Y be an infinitely differentiable function and (9n)~=l a 
sequence of analytic maps gn : 19 --+ Fo(nx, y ) .  n >1 1. If, for each x ~ 12. there is a 
positive integer n~ such that 
dn ' f (x )  = gnu(X), 
then ~nof  coincides with gn. b~ t? for some no. 
Proof. Consider the sequence of closed subsets of ~ given by 
F .  : {x ~ s~: a" f<~)  : g,,(~)}, ~ ~> I. 
In light of our Theorem 2.2, it all reduces to see that (Fn)~=l is an attracting sequence. 
So, let us assume that U is a connected open subset of F,, whose closure contains 
some accumulation point :r0 of F~,  m ~ ft. We must show that U C/7,,.. We consider 
two alternatives: 
- For m > rt, let q = m - n. Then, for each x ~ el(U) C ac(F,~), we have. for all 
k~>O, 
In particular, 
dm+t:f(x,,) = da+kg,,(xo). 
But, since x0 E ac(F,,) ,  we also have, for all k >/0, 
m+t:f(:co) = d k gm(xo ). 
Hence, for all k ~> 0, 
~(g,~ - ~y~) Ix0)  = 0. 
Now, the analiticity of 9~ - dq9- implies that, making use of the Principle of analytic 
identity, 
gm= dqg,~ in 1"2. 
Thus, for each x E U, 
as desired. 
- For n > m, let q = n - m. As before, for each x C ac(F,n), we have, for all k /> O, 
In particular, 
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Also, for all k >/0, 
This, plus the analiticity of the map gn - "dqgm and the Principle of Analytic Identity, 
yields that 
g,~ = "dqgm in 12. 
Hence, 
~dqg,n =::In =~nf  :~m+qf  in U, 
and 
"dq(gm dmf)=O inU. 
Since U is connected, this means that gm - "dmf is an £( '~X,  Y)-valued polynomial in 
U. But, since x0 C cl(U) and, since for all k ~> O, 
"dk(gm - d ' r ' f ) (xo)  = O, 
it has to be the zero polynomial. Therefore, gm = "~mf in U, i.e., U C Fro. i:/ 
By taking each gn = O, one easily obtains an analog of Sunyer Balaguer's Theorem 
for polynomials in Banach spaces. 
Corollary 3.2. I f  f : ~ --+ Y is all infinitely differentiable map such that, for each x C ~2, 
there is a positive integer n= for which "tin'f (x) = O, then f is a Y-vahwd polynomial 
in fL  
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